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Chapter 1

Basics of Polynomial equations

In algebra, the theory of equations is the study of algebraic equations, also called “polynomial
equations”. The main objective of the theory of equations is to find the roots of equations.
In this course we solve higher degree polynomial equations, study the relations between roots
and coeflicients, reciprocal equations, Also we find approximate roots of equations and solve

cubic and biquadratic equations.

1.1 Definitions

Definition 1.1.1 (Polynomial): An expression of the form f(z) = agz" +ajz" ' +ajz" ! +
-+ + ap_17 + a, where ag, a1, ag,- - ,a, are real numbers, ag # 0 and n is a non-negative

integer is called a polynomial in = of degree n.

® ag, ai, as),--- ,a, are called the coefficients of 2" , 2”1, ... and x respectively. The

term a,, is called the constant term.

o f(z) = apx™ + a12™ ' + a2 ' + -+~ + ap_ix + a, is called a polynomial whereas
apx" + a1z P a2 V4 Fa,_1x+a, = 0is called an equation of degree n if ag #0

e An equation of degree 1 is called a‘linear equation.|ax + b = 0]
e An equation of degree 2 is called a quadratic equation.[az? + bz + ¢ = 0]
e An equation of degree 3 is called a cubic equation.[az® + bz? + cz + d = 0]

e An equation of degree 4 is called a biquadratic equation.[ax? + bx3 + cz? + dx + e = 0]

Definition 1.1.2 (Root of an equation): A number, real or imaginary a is called a root of
the equation f(z) = 0 if f(a) =0. In that case, we say  — a is a factor of the polynomial
f(z) . We can also say, a is a zero of the polynomial f(z).

We call an equation all of whose coefficients are real as a real equation. Through out this

course, by equation we mean real equation only.

Some important theorems

Theorem 1.1.1 (Division Algorithm): When a polynomial f(z) is divided by another poly-
nomial g(z), there exists polynomials ¢(z) and r(x) such that f(x) = q(x)g(x) + r(x) where
r(xz) = 0 or degree of r(x) < degree of g(z).

f(zx), the polynomial that is being divided is called the dividend, g(x), that is being divided
by is called the divisor, ¢(z) is called the quotient and r(x is called the reminder.

3



4 CHAPTER 1. BASICS OF POLYNOMIAL EQUATIONS

Theorem 1.1.2 (Remainder theorem): If a polynomial f(x) be divided by x — ¢ until a
remainder independent of x is obtained, this remainder is equal to f(c).

If r is the reminder and the ¢(z) is the quotient when f(x) is divided by = — ¢, then f(x) =
(x — ¢)q(z) + r. When = = ¢, we obtain f(c) = r. If r = 0, the division is exact. Hence we
have proved also the following useful theorem.

Theorem 1.1.3 (The Factor Theorem): If f(c) is zero, the polynomial f(x) has the factor
x — ¢. In other words, if ¢ is a root of f(z) =0, z — ¢ is a factor of f(x).

Problem 1.1.1: Show that 3 is a root of the equation z3 — 422 + 2z + 3 = 0.

Solution: Let p(x) = 23 — 42 + 22 + 3. Put z = 3. We get
p(3)=3>—4x32+2x3+3
=27-36+6+3=0
Therefore, 3 is a root of the equation 23 — 422 + 22 +3 = 0 and x — 3 is a factor of the
polynomial p(z) = 2® — 422 4 2z + 3.

Definition 1.1.3 (Irrational roots:): If a real number 8 is not perfet square then /3 is
irrational. Generally a real number can be written as « + /3. The number o — 1/f is called
the conjugate of o + /3.

Remark 1.1.1: Note that if both the terms of the given root are irrational then the degree
of the equation is 4.

Problem 1.1.2: Show that /2 is a root of the equation 2% — 2 = 0.

Solution: Let 22 — 2 = 0. Put z = v/2. We get

p(V2) = (V22 -2=2-2=0
Hence v/2 is a root of 22—2 = 0. Note: Observe that —/2 is also a root of p(z) = 22 —2 = 0.
Also note that the roots are real, but. they are irrational.
Imaginary roots:
Consider the equation 22 + 4 = 0. We know that 22 is positive for all values of real numbers
and hence x2 + 4 never be zero for any real value of . Hence the equation z2 + 4 = 0 does
not have real root. But, it has imaginary roots. The simple equation which does not have a
real root is 22 + 1 = 0, because there is no real number whose square is —1. Equivalently,
v/—1 is not real. Since v/—1 is imaginary we write it as v/—1 = i. Note that i> = —1. Note:
V=9 =19x -1 =+9-y/—1 = 3i Complex number (or) Imaginary number: A number of
the form a + ¢b where a and b are real numbers is called a complex number. « is called the
real part and b is called the imaginary part.

e If a complex number has no real part then it is called purely imaginary number.

e a —1b is called the conjugate of a + b.

Problem 1.1.3: Show that 2 + i is a root of the equation z? — 4z + 5 = 0.
Solution: Let f(z) = 2% — 4z +5= 0.
f@e+i)=02+i)*—42+i)+5
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=22 +4i4+i*—8—4i+5

=4+4i-1-8-4i+5

=0
Hence 2 + i is a root of 22 — 4z +5 = 0.
Note: Observe that 2 — i is also a root of 22 — 4x + 5 = 0.
Definition 1.1.4 (Multiple roots): « is a root of f(x) = 0 of multiplicity m if f(x) is exactly
divisible by (x — )™, but not by (z — o)™+
In other words, Let f(z) = 0 be an equation of degree n. «is a root of f(z) = 0 of multiplicity
m if f(z) = (z — a)™g(x) where g(z) is a polynomial of degree n — r and « is not a root of

g(x) = 0| that is, g(a) # 0].

Theorem 1.1.4: Every polynomial equation f(x) = 0 of degree n > 0 has at least one root,
real or imaginary(complex).

The next theorem is a consequence of the Fundamental theorem of algebra.

Theorem 1.1.5: Every polynomial equation f(z) = 0 of degree n-> 0 has exactly n roots, a
root of multiplicity 7 is counted as r roots.

Formation of equations with given roots:
The least degree equation with roots aq, g, ay is (r—a1)(z —a1) -+ (. — ) =
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Chapter 2

Equations with Irrational and

Imaginary roots

Theorem 2.0.6: For any equation with rational coefficients, irrational roots occur in pair.
In other words, Let f(x) = 0 be an equation with real coefficients. If o + /8 where 3 is not
a perfect square is a root of f(x) =0, then a — /3 is also a root.

Theorem 2.0.7: For any equation with real coefficients, imaginary roots occur in pair. In
other words, Let f(x) = 0 be an equation with real coefficients. If a+if is a root of f(x) =0,

then o — i is also a root.

2.1 Formation of Equations with given Irrational / Imaginary

roots
Problem 2.1.1: Form the equation of the lowest degree with rational coefficients one of
whose roots is 2 + /5.
Solution: Let = 2 + /5. This is an equation with irrational coefficient. So, we should

remove the irrational number as explained below.

t=2+V=>2-2=5 [Keep the irrational number in one side|
=(z—2)? = (V5)? [Square both sides]
=2’ —da+4=5 [Simplify]

=22 —4r—1=0
The required polynomial is 2> — 4z — 1 = 0.
This problem can also be solved by using the theorm 2.0.6.
Since 2 4+ /5 is a root its conjugate 2 — /5 is also a root of the required equation. Hence the

required lowest degree equation is
v — 2+ V5[ — (2= V5)] =0
= [(z —2) + V5][(x —2) — V5] =0
= (2 -2 = (V5)?=0
= 1% — 4o +4 — 5 = 0[Using (a +b)(a — b) = a® — b?
=22 -4 —-1=0
We get the same answer. But the second method is time consuming when the given root is

of the form /a + /. So we follow the first method for finding the lowest degree equation.

Remark 2.1.1: Note that if one term is rational and another is irrational then the degree of

the equation is 2.
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Problem 2.1.2: Form the equation of the lowest degree with rational coefficients one of
whose roots is 3v/5 — 21/3.

Solution: Let = 2+ /5. This is an equation with irrational coefficient.
So, we should remove the irrational numbers as explained below.

z=3V5—2V3 = 22 = (3v/5 — 2V3)? [Square both sides]
= 22 = (3v/5)? — 12V15 + (2V/3)? [Simplify]
= 22 =45 — 12V/15 + 12 [Simplify]

=22 - 57=-12V/15

= (22 - 57)% = (—12V/15)? Square both sides]

[
= 2% — 11427 + 3249 = 144 x 15 [Simplify]
= 2% — 11422 + 3249 = 2160 [Simplify]
= % — 1142 + 1089 = 0 [Simplify]

The required polynomial is 2 — 11422 + 1089 = 0.

Remark 2.1.2: Note that if both the terms of the‘given root are irrational then the degree
of the equation is 4.

Problem 2.1.3: Form the lowest degree equation with rational coefficients one of whose roots
is 3 — 41.
Solution: Let © = 3 — 44. This is.an equation with imaginary coefficient.
So, we should remove the imaginary number as explained below.
r=3-di=>x—-3=—-4

= (z —3)% = (—4i)? [Square both sides]
= 22 — 62 + 9 = 164> [Simplify]
= 2% — 62 +9 = 16(-1) [i? = —1]

=2 —6x+9+16=0

= 2% — 6z +25=0
The required equation is z? — 6z + 25 = 0.
Problem 2.1.4: Form the lowest degree equation with rational coefficients whose roots are
44/3 and 5 + 2i.

Solution: Since 4v/3 is a root, its conjugate —44/3 is also a root. Since 5 + 2i is a root, its

complex conjugate b — 27 is also a root. Hence, the required equation is

(- 4v3) (z+4v3) (2 (5+20)) (& = (5 - 20)) = 0

(22 = (4V3)?) (= 5) = 20) (= 5) +20) = 0 [(a+b)(a—b) =a® — ]
(22 =16 x 3) ((z —5)*+2%) =0 [(a+ib)(a — ib) = a* + b?]
(2% — 48) (x2 —10z+25+4) =0 [Simplify]|
(2 —48) (z® — 10z +29) =0

[
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z* — 1022 + 2922 — 4822 + 480z — 1392 = 0 [Multiply]

z* — 102 — 192% + 4802 — 1392 = 0
The required equation is z* — 102® — 1922 + 480z — 1392 = 0.

Problem 2.1.5: Form the lowest degree equation with rational coefficients one of whose roots
is 3 — 41.
Solution: Let x = 3 — 44. This is an equation with imaginary coefficient.
So, we should remove the imaginary number as explained below.
r=3-4 = rz—3=—4

— (2 —3)? = (—4i)* [Square both sides]
— 2% — 62+ 9 = 16:° [Simplify]
— 2% — 62+ 9 =16(—1) [i? = —1]

— 2 —62+9+16=0
= 27— 62 +25=0
The required equation is 22 — 6z + 25 = 0.
Problem 2.1.6: Form the lowest degree equation with rational coefficients whose roots are
44/3 and 5 + 2i.
Solution: Since 4v/3 is a root, its conjugate —41/3 is alsoa root. Since 5+ 2i is a root, its

complex conjugate 5 — 2¢ is also a root. Hence, the required equation is

(x—4\/§) <x+4\/§) (= (5+20) (z — (5= 2i)) = 0

(22 = (4V3)?) (2 = 5) = 2) (2 — 5)42i) = 0 [(a+b)(a—b) = a® V7]
(2 =16 x 3) ((z — 5)>+2%) =0 [(a+ib)(a — ib) = a* + b
(z® —48) (z® =10z +25+4) =0 [Simplify]

(2% — 48) (z* — 102 +29) =0

at — 1027 4 292 — 482° + 480z — 1392 = 0 [Multiply]

zt — 1023 — 1922 4 480z — 1392 =0
The required equation is z* — 102> — 1922 + 480z — 1392 = 0.

Problem 2.1.7: Form the lowest degree equation with rational coefficients whose roots are
44/3 and 5 + 2i.
Solution: Since 4v/3 is a root, its conjugate —4+/3 is also a root. Since 5 + 2i is a root, its

complex conjugate 5 — 2¢ is also a root. Hence, the required equation is
(v - 4V3) (2 +4V3) (z = (5+20)) (= — (5 20)) = 0
(a:Q— (4V/3) ) ((x —5) — 20) ((z — 5) + 2i) = 0 [(a+b)(a—b)=a®— ]
(2 —16 x 3) ((z —5)*+2%) =0 [(a+ib)(a — ib) = a® + b?]
(z? —48) (z° — 10z +25+4) =0 [Simplify]
(z° — 48) (z* — 102 +29) =0
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zt — 1022 + 2922 — 4822 + 480z — 1392 = 0 [Multiply]
z* —102% — 1927 + 480z — 1392 =0
The required equation is z* — 102® — 1922 + 480z — 1392 = 0.
2.2 Solving Equations with given irrational / imaginary roots

e Let the given equation be f(x) = 0.

e Using the given irrational / imaginary roots find the factor of f(z) with rational coeffi-

cients, say g(z).
e Divide f(z) by g(z) and let the quotient be h(x).
e By Factor theorem, f(z) = g(x)h(z).
e The remaining roots are the roots of h(z) = 0.

e Solve h(z) = 0 to find the remaining roots.

Problem 2.2.1: Solve the equation z° — z* + 822 — 9z — 15 = 0 if /3 and 1 + 2i are two of
its roots.
Solution: Since v/3 is a root, its conjugate —/3 is also a root| Irrational roots occur in pair|.
Since 1 + 2i is a root, its complex conjugate 1 — 2i is also . a root| Complex roots occur in
pair]. Hence we have four of its roots namely /3, =+/3, 1 4+ 2i and 1 — 2i. Therefore,
(z—V3) (z+V3) (z — (1 +2i)) (z — (1 — 20)) is afactor of the given polynomial 2° — z* +
8x2 — 9z — 15.
(2= V3) (2 +v3) (& = (1+20)) (& = (1 = 20)) = (2 = (VB)*) (= — 1) = 20) (= — 1) + 24)

= (22 = 3) ((x — 1) — 20) ((z — 1) + 2d)

= (:1:2 -3) ((z - 12+ 22)

= (ac2—3) (:c2—2:c+5)

=zt — 223 + 522 — 32° + 62 — 15

=2t =223 + 222 + 62— 15
Dividing the given polynomial z° — z* 4+ 822 — 9z — 15 by 2* — 223 + 222 + 62 — 15 we get
the remaining factor x + 1. Solving x 4+ 1 = 0, we get the other root x = —1. Thus, the roots
of the given equation are ++/3, 1 & 2i and -1.
Problem 2.2.2: One root of the equation 225 — 32° + 52* + 623 — 272 4+ 81 =0 is V2 + i.
Find the remaining roots.
Solution: Since irrational roots and complex roots occur in pairs, the given equation is
having roots V2 + 1, V2 — i, -2+ 1, V2 —i.
Therefore, (z — (V2 +1)) (z — (V2 —1)) (z — (—v2+1)) (x — (—v2 — 1)) is a factor of the
given polynomial 225 — 325 + 5a* + 622 — 272 + 81. Instead of multiplying all these factors,
let us find the smallest degree equation with the above roots.

xr = \/§ +1 — x— \/5 =1
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= (:L‘ - \@)2 = (i)? [Square both sides]
= 22 -2V22+2=-1 [i2 = —1]

— 2 +3=2V2

= (2% + 3)2 = (2\@@6)2 [Square both sides]
= 2 + 622 +9 =8z

— 21— 222 4+9=0

Therefore, 24 — 222 4+ 9 is a factor of the polynomial 22° — 32 + 524 4+ 623 — 272 +81. Dividing
the given polynomial 225 — 32° + 524 4 623 — 272 + 81 by 2* — 222 + 9 we get the remaining
factor 222 — 3z + 9. Solving 222 — 3z + 9 = 0, we get the other two roots. We solve using
quadratic formula.

_ /b2 —
x = bt 21; dac [Here, a =2, b= -3, c=9]
 —(=3)E /(32 —4x2x9
N 2% 2

_3+/0-T12
a 4
~ 3+/-63

4
3 VI X =T
B 4
_ 3+43V7
4

3(1 +iV/7)

4
3(1+iV7
Thus, the roots of the given equation are v2 41, vV2 —i, —v/2 +1i, —v/2 — 1, M and

4
3(1 —iV/7)

1 .
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Chapter 3

Relation between roots and
coeflicients

Consider the n* degree polynomial f(z) = agz™+a12™ '+ -+an, ag # 0. Let ai,az, -+, an
be the n roots of f(z) = 0. Then we can write the equation as, f(z) = ap(x — a1)(z —
ag) -+ (x — ay). Now, we have,

ap(z —ag)(x —ag) - (x — ay) = apz" + a1+ agx™ A faza 3 4 -
(z—a1)(z—az) - (x — an) — gt Bgn-t B2yn-2 | B8
ap agp ag

" — (Z al) 2y (Z a1a2> "2
- (Z alagag) a4

al _ a9 _ as _
"+(_1)na1a2_”an :$n+—~$n 1_+_7xn 2+7$n 3+'”

ap ag ag
" — S1$n71 + Sgl‘n72 — ngnig + -4 (—1)”Sn ="+ ﬂxnfl + %xn72 + %x”*B + ...
ag ag ag
where Slzz:al —a1+as+az++ay

= Sum of the roots
SQ:Zalag =qag+arag+ -

= Sum of the product of the roots taken two at a time
S3 = Z a1y = Qe + araooy + - -

= Sum of the product of the roots taken three at a time

Sn =10y
= Product of the roots

Equating the coefficients of like terms in

xn_slwn—l+S2xn—2_53xn—3+...+(_1)nsn :$n+%$n_1+%l‘n_2+%$n_3+-"—F%,
we get

ai
Sy =+
ao
a2
Sy =2
ao
as
Sy =22
ag

13
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Sn= (-1t

1. If @ and f3 are the roots of the quadratic equation az? + bz + ¢ = 0, then

b

C
52:(1['3:5

2. If a, B and  are the roots of the cubic equation ax?® + bx? + cx 4+ d = 0, then

b
51:Od+5+’}/:—5

c
5220454-57‘1'067:5

d

Sz =afy=—-

3. If a, B, v and § are the roots of the biquadratic equation ax* +b2® + ca? +dx 4+ e =0,
then

b

ngaﬁ+av+a5+ﬁfy+65+75:§

d
S3 = afy+ afd + ayd + Bv0 = ~

Sy = affyd = :
a

3.1 Roots are in A.P.

First we solve equations whose Toots are in arithmetic progression(A.P.). Also we evolve the
condition for an equation to have roots in A.P.

1. A sequence of the form a, a+d, a+2d, ---, a+ (n — 1)d, cdots is called an arithmetic

progression. a is the first term and d is the common difference.
2. If a, B, v are in A.P, then 28 = a + ~.

3. If the roots of a cubic equation are in A.P, then we take the roots as a — d, a, a + d

so that we can find a from Sj.

4. If the roots of a biquadratic equation are in A.P, then we take the roots as a — 3d,
a—d, a+d, a+ 3d with difference 2d so that we can find a from S;.

Problem 3.1.1: Show that the roots of the equation pz® + gz? +rx +s = 0 are in arithmetic
progression iff 2¢® + 27p%s = 9pqr. Hence or otherwise solve 23 — 622 4+ 13z — 10 = 0.
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Solution: Since the roots are in AP, let the roots be a — d, a and a + d. We have,

Sia—d+a+atd=—1
p
30 =1
p
-
Sy=(a—d)a+ala+d)+(a—d)(a+d) = ,
3a? — d? = r
p
Ss = (a—d)ala+d) = -2
p
2 2 S
a(a” —d*) = —-
( ) p
From (1) a=—L
3p
From (2) a2 =3a> - -
p
3p
2
q r
f— d2 _ L
3p* p
Substituting the values of @ and d in"(3), we get the condition.
(3) is ala®= d?) = -2
- a® —ad®> = -~
p
q ’ q q T s
— _— — _— _ — — = ——
( 3p> < 3p> (3292 p> p
3 3
— S AN N (AN
27p%  9p3  3p? P
—_3 3 _
. g +3¢" —9pqr _ s
27p? p
2¢% — Ipgr S
f— - - - = —
27p? p
= p(2¢® — Ipqr) = —27p°s
— 2¢° — Ipgr = —27p?s
= 2¢° + 27p%s = Ipqr

This is the required condition.

Next let us solve 22 — 622 + 132 —10=0. p=1, ¢ = —6, r = 13, s = —10. Let us check the
condition 2¢3 4 27p%s = 9pqr.

2¢% + 27p%s = 2 x (—6)> + 27 x 1% x (—10)
=2 x —216 — 270
= —432 — 270

15
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= —702
Opgr =9 x 1 x (—6) x 13
= —702
- 2¢% + 27p%s = —9pqr
Hence the roots are in A.P and they are a — d, a and a + d.
From (4) a=-2L
3p
_ 6
-3
=2
2
2 _ 4 r
From (5) d° = 37}’)2 — 5
3% 13
31
=12-13
=—1
d==i [V—1=4i]
Let us take d = i. | Note that even if we take d = —i, we will get the same answer.| The

roots are 2 — 1, 2, 2 + 1.

Problem 3.1.2: Solve the equation 4x% — 2422 4 23z 4+ 18 = 0 given that the roots are in

arithmetic progression.

Solution: Since the roots are in AP, let the roots be a — d, a and a + d. We have,

—24
a—d+a+a—|—d:6 |:51:—4:|
3a =06
a=292 . (1)
23
(a—d)a+a(a+d)+(a—d)(a+d):Z
3@2—d2:§ ...... (2)
4
1
(a — d)ala + d) :—18
a(a® — d?) = _g ...... (3)
2
From (2) d?* = 3a% — Z?)
— d2:3><4—24—3 la=2]
. 2 48—23
4
2
= dQ_—5
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5 5 5 1 9
Let us take d = 3 Therefore, the roots are 2 — 3 2,2+ 5 That is, —5 2, ok
Problem 3.1.3: Solve the equation % 4 423 — 3422 — 762 + 105 = 0 given that the roots are
in arithmetic progression.
Solution: Since the roots are in AP, let the roots be a — 3d, a — d, a + d and a + 3d. We

have,

b
51:—g:> a—3d+a—d+a+d+a+3d=—-4
4a = —4
a = —1 ...... (1)
Si== = (a — 3d)(a — d)(a + d)(a+ 3d) = 105
(a? — d*)(a® —9d?) = 105
— (1 —d*)(1<9d*) =105 [a=—1]
= 1 -+10d? + 9d* = 105
— 9dt = 1042 — 104 =0 ceeees 2)

(2) is a quadratic equation in d2. Solving (2) we have
e —(=10) £ 1/(=10)2 — 4 x 9 x —104

2x9
10+ +/100 +3744
N 18
104 v/3844
A 18
_ 10+62
18
72 52
187 18
_— d? = = [Slnce d” is non negatlve]
=4
— d= =42

Let us take d = 2.
The roots area — 3d, a—d, a+d, a+ 3d
—1-6, —-1-2, -1+2, -1+6
-7, -3, 1, 5
Problem 3.1.4: Find the value of k for which the roots of the equation 23 — 922425z —k = 0
are in arithmetic progression.

Solution: Since the roots are in AP, let the roots be a — d, a and a 4+ d. We have,
a—d+a+a+d=9
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3a=9
a=3 .. (1)
(a—d)a+ala+d)+ (a—d)(a+d) =25
3a? — d* = 25
From (2) d* = 3a® — 25
— d?>=3x3%-25 la = 3]
= d* =27 25
— =2 L. (2)
(a —d)ala+d) =k [53 = —_1]1
a(@®-dH=k_ (3)
= k = ala®— d?)
3(3%2 - 2) [From (1) and (2)]
=21

3.2 Roots are in G.P.

Problem 3.2.1: Show that the roots of the equation pz®+qa? 4 ra +s = 0 are in geometric
progression iff r3p = ¢3s.

Solution: Since the roots are in' G.P, let the roots be E, a and ak. We have,

Z+a+ak’:—;k [S1]
a<11€+1+k>——1q) ------ (1)
%-a—i—a'ak—i—%-ak:% [Sa]
f+a2k+a2:;
o2 ;+k+1):; ...... 2)
7@ ak:—g [S3]
s
) a3:_§ ...... (3)
2 r p
o= R
. a:_g ...... (4)
From (3) a3:_;)
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—

—

w

s
p
mp = ¢3s

w
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Problem 3.2.2: Solve the equation 2722 + 4222 — 28z — 8 = 0 if the roots are in geometric

progression.

. . . a
Solution: Since the roots are in G.P, let the roots be —, a and ar. We have,

From (3)

—

r
a+ n 42
—ta+ar=——
T 27
(1 > 14

al-+1+r|=——
r 9

a n +a —28

—a+4+a-ar+—-ar=——

r r 27
2

o 22 28
r—l—ar—l—a = o7
1 28
2
- 1) =22=
a <r+r+> 57
a —8
—a-ar = ——
r 27
8
3_°2
@97
1
873
o=|7]
2
a=—-
3

2
Substitute a = 3 in‘equation (1).

From (1)

I

N

r 9
L+r+r? 7
T 3
7
1—|—r—1—7“2:—§

34+3r+3r=—Tr
3 +10r+3=0
3 +9r+r+3=0
3r(r+3)+1(r+3)=0
Br+1)(r+3)=0

[S1]
(1)

[S2]
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Let us take r = —3.

a
The roots are—, a, ar
r

1
Note: If we take —3 then also we get the same answer.

Problem 3.2.3: Solve 3z* — 402 + 13022 — 120z + 27 = 0 whose roots are in geometric
progression.

Solution: Let the roots be «, 5, v and §. Since the roots are in G.P, We have % = f/ = %

a_7 — By

355 = ad = By (1)
Sy = ¢ = afys = 2

a 3
27 .

- (ad)(B7) = 3 [Since ad = By

= (ad)(ad) = [Since ad = By

== ad =

— ad = l@fy =3 L (2)

We will find o + § and 8 + « first and then we find the roots. We have,
3(z — a)(z — B) (2 = ¥)(x — §) = 3zt — 4023 + 1302 — 120z + 27
= 3(z — a)(z — 8)(z— B)(z — ) = 3z* — 4023 + 13022 — 120z + 27
= 32— (a+d)z+ad] [z* = (B+7)x + By] = 32" — 402° + 1302* — 120z + 27
Let a4+ 0 = p and By = ¢q. Also we have ad = Sy = 3.
— 3{a® — px + 3] [2? — gz + 3] = 32" — 402° + 1302® — 120z + 27
= 3 [x4 —(p+ Q)23+ (pg +6)22 — (p+ @)z + 9] = 3z* — 4023 + 13022 — 120z + 27

Equating coefficients of 23 and z? separately we get

3(p+q) =40 [coefficients of z°]
40
— (p —|— q) = E ...... (3)
3(pg + 6) = 130 [coefficients of z%](3)
130
= (pg +6) = =3
130
— Pi=g o f
112
— pq = T ...... (4)
Now, (p—a)° = (+a)*—4pg
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40\* 112
_ (p—q) = <30> — 4 [From (3) and (4)]
1600 448
— 2 _ -
= (r—q) 9 3
5 1600 — 1344
S (p=9)=—5—
256
= (p—q) = o
16
— (p — q) = ? ...... (5)
Solve (3) and (5) to get p and gq.
40 16 56
2 _— e —
@) +6) = v
f— = @
=%
28
— a—i-é:? p=a+d e (6)
40 16 24
(3)-06) = 2‘]*?—?*?*8
= Bry=4 vla=B6+1c - (7)
From (6) and (2) we can find o and ). Similarly from (7) and (2) we can find 5 and ~.
From (6) and (2), (=0)% = (a+0)* ~4ad
28\’
= [(=2) _4.
(5) -+
P
9
676
9
2
— a—6= 36 ...... (8)
4
(6) + (8) —> 20 = 53
— o = 9
2
6)-(8) = 20 = 3
1
d=<
— 3
From (7) and (2), (B =)= (B+7)" — 487
=4%2_-4.3
=4
— B f— ’y f 2 ...... (9)
(7) +(9) = 28=06
— p=3

21
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(7)-(9) = 2y =2
— vy=1

The roots are 9, 3, 1 and %
3.3 Roots are in H.P.

11 1
If o, B8 and +y are in harmonic progression, then their reciprocals —, B and — are in harmonic
«Q Y
1 1
progression. Hence we have, — = — + —.
B v
Problem 3.3.1: Solve 622 — 1122 4+ 62 — 1 = 0 where roots are in harmonic progression.

Solution: Let the roots be o, b and . Given that the roots are in harmonic progression. So,

we have
2 11
g oa vy
2 v+«
- = Simplify
5= oy [ ]
200y = 055 + /B/'}/ ...... (1)
Further we use the relations between roots and coefficients and have the following equations.
iy 11 @) _S b —-11 11
« _ — e e g —
776 P17 TG 6 6
[ ¢ 6
06/84‘6’7‘*'05’7:1 ...... (3) 52:—(;:6:1]
1 i d -1 1
== 7 .. )G = —— = - — =
=5 S 6]
From (1) and (3): 3ay =1 [af + By = 2a7]
1
e a"}/: g ...... (5)
Substitute in (4) lg_1
ubstitute in (4): B ==
3 6
e = 1
2
1 1 11
Put 8= = in (2 - -
ut =7 in (2) atoty=
N . 1 1
@ =——=
T 2
. n 11-3 8
(8% = = —
7T 6
4
e O[—‘—’}/: g ...... (6)
Now, (@ —7)? = (a+7)% - day
2
2 4 1 .
— (=) = (3 —4 3 [Using (5) and (6)]
16 4
— (@=7)?=—5 -2
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I

1

1
The roots are 1, 5 and 3

4
— 2:7
(a@—7) 9
2
a—y=-=
773
4 2
Q=42 =2
“=37%3
a=1
4
’Y:g—@
4
-2
773
_1
773

3.4 Miscellaneous conditions

23

Problem 3.4.1: The product of two roots of z* + pa® + gz + rz 4+ s = 0 is equal to the

product of the other two. Show that, r? = p?s.

Solution: Let the roots be «, 8, v and .~ Since the product of two roots is equal to the

product of the other two, we have

We have,
=
=
S1 = b =
a
S3 = _d -
a
—
—
—
—
—
—
—

af =~6
afyd =s
(B =

af =/s

a+B+y+6=—p

afy +apfd + ayd + fyd = —r
aB(y +9) +vé(a+B) =
aB(y+46) +afla+pB) =

afla+B+v+96) =
Vs(=p)

= —-T

Vs(-p)]" = (=r)?

sp? = 12

r? = ps

[Since aff = 7]

[From (2) and (3)]

[Squaring both sides]

Problem 3.4.2: If the sum of two roots of 2 + pz3 + qz? + rx + s = 0 is equal to the sum
of the other two, show that, p® + 8 = 4pq.

Solution: Let the roots be a, 5, v and . Since the sum of two roots is equal to the sum of

the other two, we have

a+l8:fy+5 ......
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We have,
b
51:_a:> a+pB+y+éd=—-p - (2)
d

52:5: af+ay+ad+py+po+y5=q 0 eee-s (3)
S3 = —g = afy+afd+ayd+ pyd=—-r e (4)
S4 = 2 — aBys=s e (5)
From (1) and (2), 2+ p)=—p

— a4 = _g ...... (6)
From (3), af+ay+ad+pBy+ B85+ =q

— ay+ad+ By+Bo+af+v)=q

= a(y+0)+B(y+d)+ab +y5=¢

= (@a+B)(y+d0)+aB+v5=q

— (a+B)24aB+~0=¢q

2

— pz + aﬁ + 76 =q e (7)
From (4), af(y+9) +vy5 +yé(a+ B)= —r

— af(a+B) + 70 +8(a+ ) = —r

— (o Y@ +70) = —r

— PB4 =1 e ®)

Eliminating a8 + vd, we will get the condition.
2
From (7), af +v5=q— % ------ 9)
2
From (8), a5+—76::}§ ------ (10)
2

From (9) and (10), =q— % = 2p7“

= dpqg —p® = = 8r

E p3—|-8r::4pq

Problem 3.4.3: Solve 4z — 1222 — 152 — 4 = 0 given that it has a double root.

Solution: Let the roots be «, o and 3, since it has two equal roots. From the relations
between roots and coefficients, we have

a+a+5:—%? (54]
— %M+ B=3 (1)
oz~oz+ozﬂ+aﬁ=_T5 [S2]

N 052—|—201B:3 ...... (2)
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a?6=1 (3)
From (1), B=3-2a
Substituting in (2) we get
15
o +20(3 — 2a) = 1
1
— Oé2+601f4042:—15
15
— 3a? — 6o — - =0
— 120% — 24— 15=10
= 120 — 30a + 6ac — 15 = 0
— (6o +3)(2a0—5)=0
N 1 5)
o= —— —
27 2

Note that we solve (1) and (2) and got this value. We find the value of § using either (1) or
(2) only. Finally we check whether the pair satisfies equation (3) also.. Using equation (1) we
find .

1
The roots must satisfy (3) also. Let us check with the pair a = ~3 B =4.

2
a’p = (—;) X 4

=1
Since (3) is also satisfied, the roots are =3 —%, 4.
Problem 3.4.4: Solve the equation 6z* — 323 + 822 — 2 + 2 = 0 given that two of its roots
are equal in magnitude but epposite in sign.
(OR)
Solve the equation 6x* — 323 + 822 — z + 2 = 0 given that it has a pair of roots whose sum is

Zero.

Solution: Since two of its roots are equal in magnitude but opposite in sign, let us take the
roots as a, —a, [ and 7, since it has two equal roots. From the relations between roots and
coefficients, we have

-3
a—atfty=—— 5]

a(—a) +af+ay+ ()8 + (—a)y + By =~ [S2]

Wk ooN|+—

= —a?taf+ay—aBf+—ay+ By =
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= —a?+ By = g ...... (2)
a(—a)f+ a(—a)y +afy+ (—a)py = —%1 [S3]
= —a?b— v+ afy — afy = é
— —a?(B+7) = é ...... (3)
2
a(—a)fy = 6 [S4]
. oy = % ...... (4)
From (3) and (1),
a? 1
26
— —a2 = %
— o? = —%
N A/
. 3 .
— o= %7 _% ...... (5)
Substituting « in (4)
1, 1
3777
— fy=1 (6)

— =-—4x1 [From (1) and (6)]
= -1
4
15
15
o p—v= e (7)
Solving (1) and (7), we get
1+4v15
6 = T
1—iV15
7= T
Hence, the roots are L, 7L7 M and L\/ﬁ
V3 V3 4 4

Problem 3.4.5: Find the condition that the equation az* + 4ba® + 622 4 4dx + e = 0 may
have two pair of equal roots.

Solution: Let the roots be «, a, § and 5. From the relations between roots and coefficients,
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we have

!

I

!

From (2) and (5)

—
—
—

From (4) and (5)

—
—

4b

atatft+f=-— [5]
a+f= 2
a
6
o? +4af+ 7= = [
(a+6)2+2aﬁ=%
208 = — — (a+ B)?
6c  4b? _
208 = — — oz [Using (1)]
6ac — 4b*
2a8 = 2
4d
2026 + 2% = -— (5]
2a6(a + ) = ~
e
O[2B2 — E [514]
(B2 =z
a
4d a
208 = —— X ——
s a . 20
d
6ac — 4b? A, d
a? . b

b(6ac — 4b%) = 2da?
6abc — 4b° = 2a%d
3abc — 2% = a%d

d\*_e
b a
d2_e
2 a
ad®> —eb® =0

Hence, the conditions are 3abc — 2b3 = a?d and ad? — eb® = 0.
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Chapter 4

Symmetric functions of the roots

4.1 Symmetric functions

Definition 4.1.1: A function of roots of a polynomial equation is said to be symmetric if

the function remains unchanged when the roots are interchanged.

For example, if o, 8 and 7 are the roots of the equation az® + bx? 4 cx + d = 0, then

1. a+ B+~ is a symmetric function and is denoted by > a.

2. a? + B? +~? is a symmetric function and is denoted by > o?.

3. aff + [y + ya is a symmetric function andis denoted by > af.

4. o®B + %y + 72« is not a symmetric function. Let us check why?...

e interchange o and S.
e the function becomes 3%a + a?y + 723.
o B+ %y + 7o # BPa+ oy + 976,
e Since the function changes, o8 + B2y + 72« is not a symmetric function.
5. &?B 4 oy + fa + %y + v2a + 428 is a symmetric function and is denoted by > o?3.
Let us verify...
e interchange o and j3.
e the function becomes f2a + B2y + 2B + oy + 28 + v«

e the function remains unchanged. Similarly we can verify by interchanging any two

roots.

If a, 3, v and § are the roots of the equation az* + bx® 4 cx? + dx + e = 0, then the following

are some of the symmetric functions of the roots.

L Ya=a+p+vy+4.
1 1 1 1 1
. Za—a—FB‘F;—FE.

Y a?B=a?B 4oty +a’ + fPa+ By + BP0+ v a + 2B + 970 + 8Pa + 676 + 6%y

[\)

w

W

Y a?By = By + B+ a?yd + BPay + BPad + B2y +v2aB + yPald + 7288 + 62a b +
2ay + 62B.

29
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4.2 Basic symmetric functions

Recall that if a function involving all the roots of a polynomial equation is unaltered if any

two of the roots are interchanged then it is called a symmetric function.

Let a1, 9, - ,ay be the roots of the equation f(z)z™ + p1a™ !+ paa™ 24 +p, = 0. We
have,

S1 = Zal =-—p1
Sy = Z aran = po
S3 = Zoqaz% = —p3

Sp=oag- - an = (=)"Pn
These are the basic symmetric functions of the roots. Using these relations, we can evaluate

any symmetric function of the roots without knowing the values of the roots.

4.2.1 Some important Symmetric functions

Some important identities
In this section we listed some important symmetric functions.

o + 2+ 42 = (a4 B +7)* —2(aB + By + )
2
=S (Z a) — QZaﬁ
a?B? + 297 + 2o’ = (af + By+a)® — 2 (aB®y + By’a + *B7)

= (af + By +va)* — 2aBv(a+ B +7)

= Zaﬁ)g — 2a8y (Z a)

Symmetric functions of roots of a cubic equation

Let «, 3,7 be the roots of 23 +px?4qr+r = 0. Then we have the elementary symmetric

functions
Za =a+f+y=-p
> ap =af+By+ar=q
> apy =afy=—r

Any other symmetric functions can be written in terms of these functions. Some func-
tions are the consequences of well known formulas and some require logical thinking.

1. Y a?
daP=a’+ 5+

= (a+B+7)* —2(aB + By +1a)
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= (Z 04)2 — 22@5
2. > a?p?
Za262 — 05262—'_6272 +’}/20é2
= (af + By +va)? = 2 (af®y + By’ + o By)
= (aB + By +7a)* = 2a8y(a + B +7)

= (30as) ~208v (L)

3. > a?s
Each term contains two factors with different degree.
a? 5
Three choices Two choices
a? or B2 or 2 from the remaining

The first factor can be o? or 3% or 4% and hence there are 3 ways to fill the first
factor. After fixing the first one we can write the second factor with any one of
the remaining roots. (If we take the same root used in the first factor then we get
the cube a® or 33 or v3) Hence by using combination, thre are 3 x 3 = 6 terms in
the function.
) B =0a’B+ 0"y + Ba+ Py + 7 a+78
This is a part of the produet (a4 5+ v)(af + ay + 87)
(30) (3o as).=ta+8+)(@s +ay+67)

Note that this product has 9 terms, out of which 6 terms are in our required
function and the remaining three are af~.

(50 () ()
Z o’p = (Z a> (Z aﬁ) — 3afy
4. S ad

2&3:a3ﬂ+53+73
This is a part of the product (3" a) (3 a?)

(Za) (ZO‘2> = (a+B+7)(a*++52 ++7)
=Y a4+ a’p
>ot=(Xa) (Xe?) -0
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5. > a*By

Y a?By =By + Fay +7ap
=afy(a+f+7)

o (£0)

Symmetric functions of roots of a biquadratic equation

Let a, 3,7, d be the roots of 2* + px® + gz? + rz + s = 0. Then we have the elementary
symmetric functions

> a =a+f8+7+d=—p

> aB =af+ay+ad+pBy+Bi+v5=q
Zaﬁv =afy+afd + ayd + fyd =—r

> apys =afyd =s

Any other symmetric functions can be written in terms of these functions. Some func-
tions are the consequences of well known formulas and some require logical thinking.

1
1.25
Lol 1o
a a [ v .9
_ By0 +ayd + aBd + aBy
N afyo
> afy
afvo
2. S a?

ST a? =a? + 32 + 42+ 6% is a part of the expansion (a + 3 + v + ).
(a+B+7+0)°=a’+ 2+ + 86 +2(af + ay+ad + By + B +70)
P+ +7 = (a+B+7+0)? —2(aB+ ay+ad + By + B+ 70)

Za2 = <Za>2—22a6
3. > a*By

Yo a?fy = a’fy + B + ayd + fray + B2ad + 290 + YPaf + 7Pad + 4760 +
62 + 0%ay + 0%By. This is a part of the product (3 ) (> afy)

(Z a) (Z aﬂ’y) = (a+ B+ +06) (afy+ aBd + ayé + 3v0)
= By +4apys

> a2y = (Do) (3 asy) - 4aBqs
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4. 3" a?p?
STa?B? = a?B? + a?y? + a?6% + B24% + 3207 + 262 is a part of the expansion
(X aB)?.
2 2
(Zaﬁ) = (Zaﬁ+a7+a6+ﬁv+65+75)
= a’8%+2[a’By + 3aB7d]
2
Z a?p? = (Z aﬁ) — 2a%By — 6By
5. > ot
S at = at + B+ 4% + 6% is a part of the expansion (a? + 5% + % + 52)2.
(@ + 32+ +0%) =o' + B+t + 80+ 2 o?p?
= Z at +2 Z o?3?
2
Za4 = (Za2) — QZQQBQ

Problem 4.2.1: If o, 3 and ~ are the roots of the equation 2® + px? + qx +r = 0,
express the value of >~ a2 in terms of the coefficients.

Solution: We have,

2 a=-p

> aB=q

affy = —r

D a’8 =i+l + Fat By +aa+ s
=a’B+ BPa+ B+ 7B+ a+ oty
= af(a+ )+ Bv(B+7) +ay(a+7)
=aB(-p=)+By(p—a)+ay(—p—B) [Using Y a=a+pB+7=—p
= —paf — afy —pBy — afy — pay — afy
= —p(af + By +ay) — 3aby
— —pg—3(—r) [Using Y af =]
= —pq + 3r

Problem 4.2.2: If a, $ and ~ are the roots of the equation 2 + px? + gz +1r = 0,
prove that (a+ 8)(8+7)(y + a) =1 — pg.
Solution: We have,

>0
» aB=gq
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afy = —

(a+B) B+ +a)

CHAPTER 4. SYMMETRIC FUNCTIONS OF THE ROOTS

=(@+B+r-la+f+y-a)la+f+y-P)

IGm—VXﬂ%—)Pp—m
—(p+a)p+B)p+)
—[P* + (a+ B +7)p* + (aB + By +ya)p + af]
— [P’ + (=p)p* +ap — 7]

=r—pq

Problem 4.2.3: If a, $ and 7 are the roots of the equation 22 + px? + gz +1r = 0,

find the values of (7)

Solution: We have,

Yo--
E:@qu

afy = —r

>3

(it)) > o

5 (i) 257 (i) T (i) T

B 1%_1_%1
a By

_ Bytay+ap

afy
.o

afy
q

.,
1 N\, 1 N 1
a By o
Yt+a+
apy

PR’
aBy
—p_7P
—Tr T
:Oé2+52+72

= (a+B+7)*—2(aB + 7+ )
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(af + By +ya)? = 2afvy(a+ 5+ 7)

(afy)?
¢ =2r(—p)
="

q* — 2pr

Here are some tricks that you must know...

1. >~ a? can be got from the product (a? + 8% + +?)(a + 8 + 7). Note that this
product contains 9 terms. (a? + 32 +*)(a+ B +7) =a® + 3+ + > a?s

2. >~ a?B can be got from the product > af- > a. Note that this product contains
9 terms.

dap-) o =(af+By+ar)(a+BH+7)
= B+ af® + afy+ Bay + B2y + 67 + o®y + afy + oy
= Z B + 3a3y

Zazﬂ :Zaﬁ-Za—3a67

Problem 4.2.4: If o, 3 and ~ are the roots of the equation 2% + px? + gz +r = 0,
find the values of (z) > a?B, (i1) > ad.

Solution: We have,

>0
d aB=gq

afy = —r
(1) > zzﬁ is a part of the product (> «a) (>  af).
(>a) (3 es) = (a+ B +9)(af + By +7a)
= Z a?B + 3afy
Z a’p = (Z a) (Z 046) — 3afy
= —pq —3r

(i) > a?is a part of the product " a - > a?
<ZO‘> (ZO‘2> — (a+B+17) (0 + B2 +77)
= '+ a’p
> o :(ZO‘) (ZO‘2>—ZO‘25

We know that 3> a? = (3 a)? =23 af = p? — 2q. Hence,
S a? = —p(p* — 2q) — (—pg — 37)
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= —p’ + 2pq + pq + 3r
= —p° + 3pq + 3r

Problem 4.2.5: If o, 3 v and ¢ are the roots of the equation 2*+pz3+qz?+rax+s = 0,
find (i) o2, (i) ¥ a2By.

Solution: We have,
Yo
> aB=q
Z afy=-r

afyd =s
(i) S a?is a part of the expansion (3" )’

ZaQ = <Za>2 — 22045
=(-p)* -2
= p* — 2
(i1) > a?Br is a part of the product (3_ a) (> aBy).
(Z a) <Z aﬁy) = (a+ B +7+9) (afy + afd +ayd + B79)
= By + B0 + o6 + fray+ BPad + B2
+ Y2aB 4 v2ad + VB4 62ab + ay + 2By
= Z a®By + 4afyd

> azpr= (Y a) (Y asy) — 4089
= (=p)(=r) = 4s
=pr —4s

Problem 4.2.6: If a, 3 v and 6 are the roots of the equation z*+px>+qz?+rz+s = 0,
find (i) > a?B%, (i) > a3B and (i) Y. o’
Solution: We have,

o=
Zaﬁzq
Zaﬁvz—r

afyd =s
(i) S a?B?is a part of the expansion (3 a3)°.

2
<Zaﬂ) = (@B + ay + ad + By + B + )
— &2524-0(2’)/2+C¥2(52+62’}/2+5252+")/252
+2[a?By + o’ + BPay + B2ad + afyo



4.2. BASIC SYMMETRIC FUNCTIONS 37

+a?y0 + o + aByd + v ad + apyé
+6%aB + 6ary + b*y8 + v* B3 + 5267}
= Z o’ 42 [a257 + 304B75]
= Z a?B% + 202 By + 6aBys

2
Z o?p? = <Z aﬁ) — 2028y — 6aBv6 (1)
We have, > a?8y = (3. a) (O aBy) — 4afy6 = pr — 4s. Substituting in (1),
ZQQBQ =q* — 2[pr —4s] — 6s
=¢* —2pr +2s
(i1)  >_a3B is a part of the product (> a?) (> ap)
(3-0?) (Yo aB) = (a2 + 82+ 12 +0%) (af + ay + ad + By + 55 + 70)
= a?B+ Py 4+ a’s + By + a2B8 + oy
+3%a + BPay + Pad+ Py + 520 45246
+y2aB + ya+ 9 ad + B + 788 + 4%
+0%afB + 6%y + 8o+ 2By +6°8 + &%
= Z a4 Z o? By
St =(3a%) (D as) =Y % 2)
We have, Y a?8vy = pr — 4s and Y o? = p*— 2¢. Substituting in (2),
D a8 = (p* - 29) g (pr — 4s)
=p?q —2¢° = pr +4s
(iii) St = a*+ B +~* + 0%is a part of the expansion (a? + 2 + % + 62)°.
(02 + B2 +72+ 62" =a*+ B +4* + 0" +2) " o?p?
\_ Za4 + 2 Za252
2
Za4 = <Z oz2> - 22042/82 (3)
We have, > a? = p? — 2¢ and Z a252 = ¢*> — 2pr + 2s. Substituting in (3),
Za p —2q —2(q2—2pr—|—28)
=p' —4p’q +4pr — 2¢* — 4s
Problem 4.2.7: If a, 8 v and § are the roots of the equation 2* — 1522+ 102 + 24 = 0,
1
find the values of (i) - a?3, (i) Y- —.
a

Solution: We have,
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g
&
=
Es
o
=h
+
=
@

gl
=
Q
(o
=
o
=+
Q

=

1S a
2) (Zaﬁ) - (a+ﬁ+7+5) (B + ary 4+ ad + By + 56 + ~0)
= a?B + oy 4?5+ afy + aBd + ayd
+5%a + Bary + B2 + By + 526 + Byo
+yaB + 7%+ yad + 978 + B8 + 4%
+8af + day + 82a + 03y + 028 + 6%y

= Z o’ B+ Z afy
Sats= (Y a) (Y as) =D asry (1)

Substituting the values in (1),
D a8 =0x(-15_9 - 10)
=10

1 1\?
(49) Y — is a part of the expansion (Z —) .
o

QU

z;:(zi)?—zzgé

—( l — —)2—2{i+i+i+i+i+ 1]

- it af By~ 8o
_(675+a75+a55—|—a57) _Qlaﬁ+a7+a5+ﬁ7+65+76]
« afyd aByo
__(E:aﬁv> \ (E:aﬁ)2

O\ apyd afyd

(=BY 5
24 24 16
Problem 4.2.8: If o, 8 v and ¢ are the roots of the equation z* + qz% + rx + s = 0,

find the value of %;7_5.
Solution: We have,

Za:()
> aB=gq
D apy=-

afyd =s

262 262
_§:0—25
N 242
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a B v 9
__[675%-a75%-a65%-a57}
afyo
_Daby
afyo

—r

Problem 4.2.9: If o, § and v are the roots of the equation 3 + qx —i—

= 0,
find the values of (i) Y. a?B?, (i1) Y. —, (iii) Z—, (iv) doa?B, (v - é
v

: 1 g
(vi) > R and (vii) >

Solution: We have,
LT
> aB=q

afy=—r
(1) 3 a2B? is a part of the expansionof (3 af)’.

Za2/82 — (1/2/62—’—52’}/2—’—72@2
= (aB + By +1@)? — 2 (af?y + Br’a + o®By)
= (af + By+va)? = 2apBy(a+ 5 +7)

- (Z a5>2 — 208y (Z o)

ﬁ_v

[0
B+

=q¢*—2(—r) x0
i) X5 B
e« _ > P
Zﬁv By v " ap
a4+ 5+
- aPy
_ (@4 B8+7)° 2B+ by +ay)
afy

~ 0—2¢q

T
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_ 2
i) 5= %
af _af oy By
E: ¥ Y " 5 T
B 04252 +CK2’YQ +ﬂ2,.>/2
B afBy
2
=2 [From (i)

T
q2

(iv) Y- a?Bis a paz;t of the product (> ) (> af).
(Za) (Zaﬂ) = (a+ B +7)(aB + fy+ )

= Zoﬁﬁ + 3aBy
ZaQﬂ = <Z a) (Z aﬁ) — 3a8y
== —3(—r) =3r
Wz (5+7)

a B\ o+
X (5+0) X%

_a2+62 B2+,}/2 CE2+’}/2

+ <
ap By ay
_ o+ B+ Patyiat+a®S+408
apy
_ @B
aBy
= E—Z [From (iv), Za%’ = 3r]
= -3
(vi) ¥ ——
B+~

Since a + 8+ v =0, we get 5+ v = —a. Now the problem is,

Y=l
B+y “~—a

B {1_{_1_‘_1}

a By

__aB+ Byt

afy

> of

 aBy
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.. o
)
(i) £ 7= |
Since a + 5+ v =0, we get 5+ v = —a. Now the problem is,
D i
B+ —a
=> (-1
=-3

41
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Chapter 5

Transformation of Equations

Let f(xz) = 0 be a polynomial equation. Without knowing the roots of the equation
f(z) = 0, we can transform the given equation into another equation g(x) = Owhose
roots are related to the roots of the first equation f(z) = 0 in some way. In this section,
we are going to study some important such transformations.

5.1 Multiplying the roots by k&

To form an equation whose roots are k-times the roots of a given equation. Let the
given equation be f(x) = 0 where

f(z) =apz™ + a1z '+ ar" P+ apmta, =0 o (1)
Let aq, ag, - - - o, be the roots of the equation f(x) = 0. then,
flx) = ao(z —ar)(z —as) - (z —ag) - (2)
The transformation is y = kx. From the transformation we get z = % Put z = % in

(2), we get

1) =t a) o) ()
One can easily verify that kaq, kas, - - - ka,, are the roots of the equation f <%) = 0.
/(2)-o

n n—1 n—2
() e (2) ) ()
That is,

Hence the required equation is

aoy™ + kary" " Klasy" 2 4 -+ k" a1y + k"a, =0
Changing the variable to z, the required equation is agz™ + ka; 2™ ! + k2asa™ 2+ - - - +
k" ta,_1x + k"a, = 0.

Working rule:
To obtain the equation whose roots are k times the roots of a given equation, we have

to multiply the coefficients of 2™, 2", 2" 2, ... x and the constant term by 1, k, k2, - -,

k"1 and k™ respectively.

Special usage: This transformation is useful for

1. making the leading coefficient of an equation to unity.

2. removing the fractional coefficients

43
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Problem 5.1.1: Find the transformed equation when the roots of the equation 323 —
1022 4+ 92 + 2 = 0 are multiplied by 3.

Solution: The required equation is obtained by multiplying the coefficients of *, 2%, ©
and constant term by 1,3, 32, 3% respectively. The transformed equation is
(1x3)2*—(3x10)2* + (32 x9r+3*x2=0
32° — 302 + 81z + 54 =0
2® — 102 + 27z + 18 = 0 [Dividing by 3]

1

Problem 5.1.2: Remove the fractional coefficient from the equation 3+ sz — 1—6:10 +
1

— =0

72

Solution: Let us multiply the roots of the equation by m. The transformed equation

1
is 1 3 _ a2 2 _ 3 — =0.
8lxx m><4x +m ><16:1:—|—m ><72
m m? m? :

We must choose m such that T 16 and ) are integers.

Let us find the cube nearest to and greater than 72.

When m = 12, all the fractions will be removed. Hence the equation is,

1 1
1xa2®—mx —2° 25 — Sx — =0
X m 4x +m 16x+m -
g;3—12><1g;2+122><ix+123><i:0
4 16 72
12 144 1728
A +—=0

PR TR
x® — 32 92 +24 =0
Problem 5.1.3: Transform the equation 223 — 322 + 5z — 1 = 0 so that the leading
coefficient is unity.

Solution: We should make the coefficient of 23 as 1.
We multiply the roots of the given equation by 2. Hence the equation is,
(1x2)2°—(2x3) 2+ (2° x5z —2°x1=0
20° — 62° + 20z — 8 =0
2% —32% + 10x —4 =0 [Dividing by 2]
5.2 Changing the sign of the roots
This is the special case of 1.5.1 when £ = —1.

Working rule: To obtain the equation whose roots are negative of the roots of a given
equation, we have to multiply the coefficients of ™, "% 2" 2, -.- 2 and the constant

term alternatively by 1 and —1.

Problem 5.2.1: Form an equation whose roots are the negatives of the roots of the
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equation 42° — 7Tat + 23 — 322 + 2 — 9 = 0.
Solution: By multiplying the coefficients successively by 1, -1, 1, -1 we obtain the
required equation The required equation is, 42° 4+ 72* + 23 + 322 + 2 + 9 = 0.
Problem 5.2.2: Form an equation whose roots are the negatives of the roots of the
equation z* + 522 + 2 — 9 = 0.
Solution: Here the 23 term is missing. In that case we write the equation with
coefficient 0 for the missing terms. Hence the given equation is 2* + 02 + 522 + 2 —9 =
0. By multiplying the coefficients successively by 1, -1, 1, -1 we obtain the required
equation The required equation is,

2t =02 + 522 —x —9=0

a'+ 52 —x—9=0

5.3 Reciprocals of the roots

To form an equation whose roots are reciprocals of the roots of a given equation.

Let the given equation be f(z) = 0 where

f(x) = apr"™ + arx" ' F a4k ap g rta, =0 - (1)
Let aq, ag, - - - o, be the roots of the equation f(x) = 0. then,
flx)=ao(r — )z —ag) - (x —a, -+ (2)
1

The transformation is y = —

Put z = — in (2), we get

1
1 1 %
(Q)- G oo (on) oo
Y )
1
One can easily verify that — —, - — are the roots of the equation f ( ) = 0.
0 Qg a, Yy
Hence the required equation is
1
/)
Y
1 n 1 n—1 1 n—2 1
ap | — | +ai |- +taz| - +ortap | ) ta, =0
Yy Yy Y Y

That is,

From the transformation we get x =

o ai a2

yn yn— 1 + yn—2

=0

ag + a1y + agy’ + -+ any" =0
Hence the required equation is a,z" + ap_ 12" ' + @p_ox™ 2+ -+ a1z + ag = 0.

Working Rule: We obtain the required equation, by replacing the coefficients in the
reverse order.
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Problem 5.3.1: Form an equation whose roots are the reciprocals of the roots of the
equation 3z 4 223 — 22 + 72 — 1 = 0.
Solution: First check whether any term is missing in the equation. Here, the given
equation is 3z* + 223 — 22 + 7x — 1 = 0. We obtain the required equation, by replacing
the coefficients in the reverse order. The required equation is,

—at T2t -2 422 4+3=0

' — 72 + 2* — 20— 3 =0 [Dividing by -1]

Problem 5.3.2: Form an equation whose roots are the reciprocals of the roots of the
equation x* — 523 + 22 — 7 = 0.
Solution: First check whether any term is missing in the equation. Here, the z-term
is missing. The given equation is % — 523 + 22 + 0z + 7 = 0.
We obtain the required equation, by replacing the coefficients in the reverse order.
The required equation is,

7ot +02° +2° — bz +1=0

7ot + 2 —5r+1=0

5.4 Diminishing the roots by a given quantity
To form an equation whose roots are decreased by a constant quantity h.

Let the given equation be f(z) = 0 where

f(x) = apz" + a7 a4 ap it a, =0 e (1)
Let oy, ag, - - - a, be the roots of the equation f(x) = 0. then,
f(l') :Go(ﬂﬁ—al)(x—QQ)---(;c—@n ...... (2)

Decrease the roots by h, Therefore, the transformation is y = x — h.
From the transformation we get x = y + h.
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Put z =y + h in (2), we get
flyth)=a(y+h—a)(y+h—ay) - (y+h—a)

=ap(y— (a1 —h)(y— (e —h))---(y—(an —h)) -+ (3)
One can easily verify that the roots of f(y+h) =0 are oy —h, ap—h, ag—h, - -+, a, —h.

From (1), the required equation is ag(y+h)"+ai(y+h)" ' +as(y+h)" >+ -+a, = 0.

On simplifying using binomial expansion, this equation can be written as

boyn + blyn_l + b2y7l—2 4+t bn =0 ... (4)
Note that the roots of (4) are a; — h, ag — h, a3 — h, -+ ,a,, — h.
Now we have to find the coefficients by, by, ba, - - -, b, to determine the required equation.

How to find the coefficients of the required equation?

Let us increase the roots of (4) by h to obtain the original equation. We use the
transformation = = y + h. So, we have y = x — h and the equation becomes

bo(z — h)* +by(x —h)" - by(z — h)" >+ ook by =0 one-- (5)
The roots of this equation are aq, s. - - - . Therefore, equations (1) and (5) represent
the same equation.

Dividing equation (5) continuously by (x7h), we obtain the remainders as by, by, bs,
-+« by. Substituting these in (4), we obtain the required equation.

Working rule: To obtain the equation whose roots are diminished by h, divide the
equation continuously by z — h and note the remainders by, by, bs, ---, b,. Then the
required equation is byx" 4+ biz" ! + bz 2+ - + b, = 0.

Problem 5.4.1: Diminish the roots of the equation z* — 52° 4+ 722 — 42 +5 = 0 by 4.

Solution: To find the required equation, we divide the given equation successively by
x — 4. We use synthetic division method to find the remainder in each step.
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4 1 -5 7 -4 5
0 4 14 12 32
1 -1 3 8 37
0 4 12 60
1 3 15 68
0 8 28
1 7 43
0 4
1 11

Hence the required equation is z* + 1123 4 432? + 682 + 37 = 0.

5.5 Increasing the roots by a given quantity

Increasing the roots of an equation by h is equivalent to decreasing the roots by —h.
Hence instead of dividing the equation continuously by = — h, we divide by = + h.

Working rule: To obtain the equation whose roots are increased by h, divide the
equation continuously by « + h and note the remainders by, by, by, ---, b,. Then the
required equation is byx” 4+ byz" ! + bsg™ 2 + .- + b, = 0.

Problem 5.5.1: Increase the roots of the equation 3z* + 72® — 1522 + 2 —2 = 0 by 7.

Solution: Increasing the roots by 7 is equivalent to decreasing the roots by “7.

To find the required equation, we divide the given equation successively by « + 7. We
use synthetic division method to find the remainder in each step.
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-7 1 3 7 -15 1 -2
0 -21 98 -581 4060
3 -14 83 -580 4058
0 -21 245 -2296
3 -35 328 -2876
0 -21 392
3 -96 720
0 -21
3 =77

Hence the required equation is 3z* — 7723 4 72022 — 2876 + 4058 = 0.

Problem 5.5.2: Increase the roots of the equation #* — 2% — 102% 4 4x 4 24 = 0 by 2.

Solution: Increasing the roots by 2 is equivalent to decreasing the roots by “2.

To find the required equation, we divide the given equation successively by x + 2. We

use synthetic division method to find the remainder in each step.

-2 1 -1 -10 4 24
0 -2 6 8 -24
1 -3 -4 12 0
0 -2 10 -12
1 -9 6 0
0 -2 14
1 -7 20
0 -2
1 -9

Hence the required equation is 2% — 923 + 202% = 0.
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5.6 Removing a specific term

To form an equation in which certain specified terms of the given equation are absent.
2mm| Let the given equation be f(z) = 0 where

f(z) = apr" + ax" t Fax" 4 tapxta, =0 .- (1)
We can remove any term by diminishing the roots of the equation by a certain quantity.

Let us diminish the roots by h. Then the equation becomes
ao(y+h)"+ar(y+h)" " +a(y+h)"F+ - +a, =0

n(n—1
agp (y” +ny" " th + nin—1) 5 )y"_2h2 +- h”)

(n—1)(n—2)
2

+a, <yn—1 + (TL . 1)yn—2h + yn—3h2 N hn—l)

(n—2)(n—3)
2
n(n—1)
2

+as (yH +(n = 2)y"*h + YR h”‘2) +ota, =0

aoy” + (agnh + a))y"™ ' + (ao h? 4 ay(n — 1)h + (12) Yy 24 fa, =0

e If we want to remove the second term, we must have
agnh +a; =0

h=——t
nag

e If we want to remove the second term, we must have
nn—1
ao%fﬁ +a(n—1)h+ay=0
By solving this equation for h, we get two values for h and reducing the roots byh
we get the equations.

Problem 5.6.1: Remove the second term of z* — 1223 + 4822 — 70x + 35 = 0.

Solution: To remove the second term, we must diminish the roots by h where

We have to decrease the roots by 3.
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3 1 -12 48 -70 35
0 3 -27 63 -21
1 -9 21 -7 14
0 3 -18 9
1 -6 3 2
0 3 -9
1 -3 -6
0 3
1 0

The transformed equation is z* — 622+ 22+ 14 = 0.

Problem 5.6.2: Solve the equation z* + 423 + 52?42z — 6 = 0 by removing the
second term.

Solution: To remove the second term, we must diminish the roots by h where
ai
h=——

nagp

We have to increase the roots by 1.
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-1 1 4 ) 2 -6
0 -1 -3 -2 0
1 3 2 0 -6
0 -1 -2 0
1 2 0 0
0 -1 -1
1 1 -1
0 -1
1 0

The transformed equation is 2% — 2% — 6. =0,

Now, let us solve the transformed equation.
Put z = 22. The equation becomes,

2 —2-6=0
(z=3)(24+2)=0
z=23and —2
(i) When z = 3:
= 2> =3
— x:i\/g

(ii) When z = —2:
= 22=-2
= z=+iV2

The roots of the transformed equation are —v/3, /3, —iv/2, iv/2.

Note that this equation is obtained by increasing the roots by 1 [diminishing by —1].
Therefore, the roots of the original equation are —v/3 —1,v/3 — 1, —iv/2 — 1,iv/2 — 1.
That is, —1 — /3, =1 + V3, —1 —iv/2, =1 + i\/2.

Problem 5.6.3: Transform the equation % — 423 — 1822 — 32 +2 = 0 into an equation
with the third term absent.
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Solution: To remove the third term, we must diminish the roots by A where

—1
aowfﬂ +a;(n—1)h+ay=0

2
4 x3

1x h? —4x3h—18=0

6h> —12h — 18 =0

h* —2h —3 =0
(h—=3)(h+1)=0
h=3and —1
Case (i): When h = 3:
3 1 -4 -18 -3 2
0 3 -3 63 180
1 -1 -21 60 182
s J -
0 3 6 -45
1 2 -15 15
0 3 15
1 5 0
0 3
1 8

The transformed equation-is z* + 823 + 15z + 182 = 0.
Case (ii): When h = —1:
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-1 1 -4 -18 -3 2
0 -1 5 13 -10
1 -5 -13 10 -8
0 -1 6 7
1 -6 -7 17
0 -1 7
1 -7 0
0 -1
1 -8

The transformed equation is 2% — 82® + 172 —8 = 0.

5.7 General Transformation

Let oy, g, - - - oy, are the roots of the polynomial equation f(z) = 0. Then finding an
equation whose roots are ¢(aq),¢(aw), - - ¢(a,)-is known as a general transformation
of the given equation. In this case, the relation between a root x of f(z) = 0 and a
root y of the transformed equation is thaty = ¢(z). Also, to obtain this new equation
we have to eliminate x between f(z) =0 and y = ¢(z).

Problem 5.7.1: If o, 3, v are the roots of the equation 2® —z—1 = 0, find the equation

1 1 1 1 1 1
with roots —|—a7 +6and +7. Hence, show that +a—|— +6—|— +7:—7.
l—a’"1-0 1=~ l—a 1-08 1—¥v
1 1
Solution: The transformation is, y = REC .
) l—a 1—=x
The given equation is 2° —z—1=0 ------ (1)
14+x
Put y = in (1
ut y 1_%m()
1+
y_l—x
A-a)y=1+s
y—zy=1+ux
rtaoy=y—1
y—1

:L’:
y+1
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Substituting in equation (1), we get

() (350 1-s

y+1 y+1
(y—1°=(y—-y+1)° = (y+1)°=0
v =33y —1-(y-1) (P +2y+1) - (¥ +3> +3y+1) =0
V=3 +3y—1—- (VP +2 +y -y —2y—1) — (y* +3° +3y+1) =0
=Ty +y—1=0
VT —y+1=0

~/~ /

This is the transformed equation.

1 1 1
The sum of the roots, —|—a+ +B+ T _

l—a 1-8 " 1—~ -

95

Problem 5.7.2: If o, 3,7 are the roots of the equation 23 + pz? 4 g +r = 0, form
1 1

1
the equation whose roots are « — —, f — — and 7 — —.
y ay o
Solution: The given equation is 2° —z —1=0------ (1)
Next we have to find the general transformation.
1 «
a——=0——
By afy
—a- 2 [Since, S5 = afy = —7]
-7
«
= X + —_
’

B v

o
Hence we have to find the equation whose roots are a + —, §+ — and v + —.
r r r

o x
Hence, the transformation is, y = a4+ — =z + —.
r

T
x
y=a+-
r
Ty =ar+x
ry =x(1+4r)
yr
xr =
14+7r

Substituting in equation (1), we get

3 2
yr yr yr
AN A =0
<1+r) p(l—l—r) +q(1—|—7’)+r

3,.3 2,..2
yr yr yr
=0
(1+m3+pu+rﬁ+q1+r+r
vrd +py?r*(L+r) +qur(l+r)2 +r(1+7)° 0
E -

Py + py?r?(L+7) + qur(L+7)? + (1 +7)?

0
Py +pr?(L+ )y +qr(L+ )2y +r(1+7)* =0
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Dividing by r

P2y pr(L+ )y + g1+ )2y +(1+7)2 =0
1 1

This is the required equation whose roots are « — —, § — — and v — —.
By vy af
Problem 5.7.3: Find the equation whose roots are the squares of the roots of the
equation x4 — pz3 + ¢z —rx +s5=0.
Solution: The given equation is #* — pz3+q2? —rz+s=0 .. (1) The general
transformation is, y = 2% ------ (2)
Rearrange the terms of Equation (1) and replace z? by .
ot 4 gzt + s — (pxg—i-rx) =0
(x2)2+q:v2—|—s—x(px2+r) =0
y? +qy+s—a(py+r)=0 [Since 2° =7
y'hay + s =a(py +r)
Squaring both sides
(° +ay+s)" =2 (py +7)°
v+ @y + st 2080 + 25y + 2qsy = y (p°y° + 2pry + 1)
vt +2qy° 4 @y + 25y + 2gsy + s = pPyt + 2pry® + 1Py
vt 4 2qy° — p*P 4 PyP + 25y = 2pry? + 2qsy ~ oty + 52 =0
y'+ (20— pP)y’ + (4 25 = 2pr)y” + (2g5 = 1)y + 57 = 0
The required equation is z* + (2¢ — p*)z3 + (¢* + 25 — 2pr)2® + (2¢s — r?)x + s* = 0.
Problem 5.7.4: Form an equation whose roots are the cubes of the roots of the
equation z* — 23 — 722 + 2 4+ 6 = 0.
Solution: The given equation is 2* — 2% — 722 + 2 +6=0 ------ (1)
The general transformation is, 4y = 2% ------ (2)
Rearrange the terms of Equation (1) and replace x3 by y.
ot —a® —T2* +6=0
x(:z:3+1) — 2 = TP +6=0
z(y+1) —y — 72> + 6 = 0[Since z* =y
z(y+1)—Tr*=y—6
Cubing both sides using the formula (a — b)* = a® — b* — 3ab(a — b),
2y +1) = 72" = (y - 6)°
Ply+1)° =72 =3 2(y+1) 72 [z(y + 1) — 72%] = y* — 6° — 18y(y — 6)
y (y® +1+3y> 4+ 3y) — 343y° — 212*(y + 1)(y — 6) = y* — 216 — 18y> + 108y
Since, z(y +1) —Te? =y —6 and 23 =y
y* +y+3y° + 3y7 — 343y* — 21y (y* — by — 6) = y* — 216 — 18y* + 108y
vt +y + 3y + 3y — 343y7 — 21y° + 105y* + 126y = y* — 216 — 18y* + 108y
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y* —19y® — 217y* + 19y + 216 = 0
The required equation is 2% — 1923 — 21722 + 192 + 216 = 0.

Problem 5.7.5: If o, 3,7 are the roots of the equation x® + ax? + bx + ¢ = 0, form
the equation whose roots are af3, avy, 5.

Solution: The given equation is #® + az? + bx +c=0 - (1)
Next we find the general transformation.
_aby
aff = —
~
= — [Since, S3 = afy = —(]
~
o
7 c c c
Hence we have to find the equation whose roots are ——, —— and —.
o v
. c c
Hence, the transformation is, y = —— = ——.
x
YV o
T
Ty = —c
r=—-
. . . . y
Substituting in equation (1), we.get
c\? c\? c
BRI R
Y Y Y
A act  be \
. _— A C =
vy oy
—c +ac’y —bey® +cy®
y? -

cy® —bey? +acty —c* =0
Dividing by ¢, we get
> — by +acy —c? =0

The required equation is 23 — bx? 4 acx — ¢ =

Another method:
We have,
a+fB+vy=—a
af+ay+py=0
affy = —c
The new roots are a3, a7y, 5.
The required equation is x® — Sjz? + Sha — S} = 0, where
S} =af +ay+ By
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=b

Sy =af-ay+af-fy+ay- By
= a’By +af*y + afy’
= afy(a+p5+7)
— —¢-—a
= ac

Sy =aB-ay- By
= (afy)?
= 2

Hence, the required equation is 2® — bx? + acx — ¢? = 0.

Problem 5.7.6: If a is a root of the equation x?(x +1)? —k(z —1) (22> + 2+ 1) = 0,

is also a root.

+1
prove that a

Solution: The given equation is #?(z +1)* —k(x = 1) 22> + z +1)=0 ------ (1)

Let a/; B 7 be the roots of equation (1). We find the equation whose roots are

1 1
% and 1 i ] and show that it is same as equation (1).
[— Fy —

The general transformation is y = x+1

r+1 T
y:a:—l
(x—1y=x+1
zy—y=x-+1
zy—rv=y+1
y+1
y—l

Substituting in equation (1), we get

1 1
() (‘”“ ) (1) 2 (4) | -0
y—1 y—1 y—1 y—1
(y+1) 2 2Ay+1)P 4y’ 14 (y—1)°
—k - . 0
(y — 1) @—1) y—1 (y—1)
@%y+n2_2kpﬁ+4y+2+y1—1+f—2y+u__0
(y — 1) (y —1)?
Py +1)7°  2k[4y° +2y+2] 0
(y — 1) (y — 1)
42 (y + 1) — 2k(y — 1)2 (4y% + 2y + 2)
(y — 1) =0

4P (y+1)° —4k(y —1)* (2> +y+1) =0
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Dividing by 4,

Yy +1)° —k(y—1)° (4> +2y+2) =0
Hence, the transformed equation is z?(z + 1)? — k(z — 1) (22® + z + 1) = 0 which is
same as (1).

a+1. .
Therefore, is also a root of the equation (1).

O{ —
Problem 5.7.7: If a, 3,y are the roots of the equation 223 — 15224222 +15 = 0, form
1

the equation whose roots are (i) (a—2)2, (—2)% (v—2)?, (i) (@ _1 22" (B _1 2)2 (v —2)2°

Solution:
(2 ) The given equation is
20 — 152 + 22x + 15 =0 (1)
The transformation here is
y=(r—2)?
=2’ —4r+4
2 —dr+4—-y=0 (2)

We have to eliminate x between equations (1) and (2).
(1) — 2z x (2) implies

—72% + 14z 4+ 22y — 15 =0

~T72° + (144 2y)r +15=0 (3)
Solving equations (eq:2) and (eq:3).

x? x 1
4 4—vy 1 -4
2y +14 15 -7 2y + 14
x? B T B 1
—60 — (2y + 14)(4 — y) B ~7(4—1y)—15 B 2y + 14 — 28
x? _ x B 1

22 + 6y — 116 B Ty — 43 N 2y — 14

2y% + 6y — 116

2y — 14
Ty — 43
T 2y — 14 (%)

From equations (4) and (5),

2y° + 6y — 116 [Ty — 43\’
2u—14  \2y—14
2y° + 6y — 116 (Ty —43)?

2y — 14 (2y — 14)?
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(2% + 6y — 116) (2y — 14) = (Ty — 43)°
da® — 28y° 4 12y — 84y — 232y + 1624 = 49y* — 602y + 1849
4a® — 65y 4 286y — 225 =0
423 — 6522 4 2862 — 225 =0 (6)
Hence, the required equation is 423 — 6522 + 2862 — 225 = 0.
1 1 1
(@ —=2)2" (B-2)% (y—2)*

The roots of the required equation are the reciprocals of the roots of the equation (6).

(4¢) To form the equation whose roots are

We obtain the required equation, by replacing the coefficients in the reverse order. The
required equation is,
—2252° + 2862° — 650 +4=0=10
2252% — 28622 + 652 —4=0=0 (7)
(7) is the required equation.

Problem 5.7.8: If o, 3,7 are the roots of the equation 2® — px? +gx—1r = 0, form the

. , 1 1 1. « ¥
equation whose roots are (i) 8y+—, ya+— af+—, (i ) , .
Wbrg g 7(>5+v—a aty—fF at+f-vy
Solution: y
(2) To form the equation whose roots are yo + 3 aff + —.
The given equation is
2 —pr® +qr —r.=0 (1)
The transformation here is 1
y=py+—
a
o} 1
a1
« a
_apy+1
o
Since «, 3, are the roots of the equation (1), afy =r
r+1
y =
a
r+1
- )
(2) is the transformation. We solve for z.
zy=r-+1
1
. r—+ (3)
Y

Substituting in equation (1),

r+1\° r+1)° r+1
—p +q —r=20
Y Y Y
(r+13—plr+ 1)’ +qlr+ y* —ry* _
y3
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ry® —q(r+ Dy +p(r+ 1) — (r+1)*=0
The required equation is,
ra® —q(r+1)2* + p(r+ 1)’z — (r +1)* =0 (4)
a g gl
ty—a aty=f atf-y

(4¢) To form the equation whose roots are

The transformation here is
)
y g

Bt+y—a
B «
Ca+ B+ -2
Since «, 3,7 are the roots of the equation (1), a + 8 +~v=p
a
v= P — 2«
x
= 5
P ()
(5) is the transformation. We solve for z.
(p—20)y ==
py —2xy =21
z(142y) = py
Py
= 6
T 1y (6)

Substituting in equation (1),

3 2
Py Py Py
— —r=0
(1+2y) p<1+2y) +q<1+2y> '

Py’ — PPy (I 2y) + pay(1 +2y)* — r(14+2y)° _
(1+2y)3

p*y* — pPy*(1+ 2y) + pay (14 4y + 4y®) — r (1 + 8y® + 6y + 12y°) =0

Py’ =0’y = 20°y° — pay + 4pay® + Apay’ —r — 8ry’ — 6ry — 12ry* =0

p’y’ — Py (1 +2y) + pay(1+2y)° —r(1+2y)°> =0

(—p3 + 4pq — 87“) y*+ (—p3 + 4pq — 12r) v+ (pg—6r)y —r =0

(4pqg — 8r — p°) y* + (4pg — 12r = p°) y* + (pg — 6r)y —r =0

The required equation is,

(4pg — 8r — p°) 2 + (4pg — 121 — p*) 2° + (pg — 6r)z — 1 =0 (7)
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